Abstract. The covering number of a nontrivial finite group G, denoted σ(G), is the smallest number of proper subgroups of G whose set-theoretic union equals G. In this article, we focus on a dual problem to that of covering numbers of groups, which involves maximal subgroups of finite groups. For a nontrivial finite group G, we define the intersection number of G, denoted ι(G), to be the minimum number of maximal subgroups whose intersection equals the Frattini subgroup of G. We elucidate some basic properties of this invariant, and give an exact formula for ι(G) when G is a nontrivial finite nilpotent group. In addition, we determine the intersection numbers of a few infinite families of non-nilpotent groups. We conclude by discussing a generalization of the intersection number of a nontrivial finite group and pose some open questions about these invariants.
Introduction
Throughout this article, we consider only finite groups. In a popular paper of Cohn [5] , the concept of a covering number of a group was introduced. The covering number of a nontrivial group G, denoted σ(G), is the smallest number of proper subgroups of G whose set-theoretic union equals G. For example, the quaternion group of order 8, denoted Q 8 , satisfies σ(Q 8 ) ≤ 3 as the union of its three subgroups of order 4 equals Q 8 ; since each proper subgroup of Q 8 has order at most 4 and contains the identity element, it follows that σ(Q 8 ) = 3. Covering numbers are the subject of prior research by numerous authors, and we briefly discuss some of their results below.
A group G has a covering number if and only if G is noncyclic. Additionally, it is wellknown that the value of σ(G), when it exists, is at least 3; those groups G satisfying σ(G) = 3 were considered in [2, 13, 21] . In [5] , Cohn classified the groups G with σ(G) ∈ {4, 5, 6}, and conjectured that there is no group G with σ(G) = 7. Tomkinson [24] proved this conjecture and computed the value of σ(G) when G is a noncyclic solvable group. He also inquired about which integers could occur as covering numbers of nontrivial groups, and thought the current evidence suggested that there are no groups G with σ(G) ∈ {11, 13, 15}. However, Abdollahi, Ashraf, and Shaker [1] proved that the covering number of the symmetric group on 6 symbols is 13; Bryce, Fedri, and Serena [3] found a linear group with covering number 15. The remaining case was confirmed by Detomi and Lucchini [6] , who proved that there is no group G with σ(G) = 11. Additionally, the combined results of Garonzi, Kappe, and Swartz [10, 11] classified every integer less than 130 that is a covering number of some nontrivial group. More generally, the structure of groups G containing no normal nontrivial subgroup N such that σ(G/N) = σ(G) was investigated by Detomi and Lucchini [6] . There have also been investigations into the values of σ(G) for certain nonsolvable groups G (see [3, 7, 9, 14, 15, 18, 19, 20, 23] ), but in general establishing the covering number of a nonsolvable group remains a topic of ongoing research. The focus of this article is an investigation into a dual problem to that of covering numbers of groups, which involves intersections of maximal subgroups of groups. Recall that a subgroup H of a group G is maximal if H is a proper subgroup of G and there are no other proper subgroups of G that contain H. The intersection of all maximal subgroups of G is called the Frattini subgroup of G and is denoted by Φ(G). For a nontrivial group G, we define the intersection number of G, denoted ι(G), to be the minimum number of maximal subgroups whose intersection is Φ(G). As an example, the quaternion group Q 8 has three maximal subgroups and the intersection of any two of these is Φ(Q 8 ). Therefore, ι(Q 8 ) = 2 because each maximal subgroup of Q 8 properly contains Φ(Q 8 ).
For the nontrivial group G, there are two group invariants that nicely bound the value of ι(G). Let M = {M i } i∈I be a family of maximal subgroups of G indexed by a set I. If
for all i ∈ I, then M is said to be irredundant. Fernando [8] defined the maximal dimension of G, denoted MaxDim(G), to be the maximal size of an irredundant family of G; Garonzi and Lucchini [12] defined the minimal dimension of G, denoted MinDim(G), to be the minimal size of an irredundant family of G. If ι(G) = k with k ∈ Z + and M 1 , M 2 , . . . , M k are maximal subgroups of G such that
Burness, Garonzi, and Lucchini [4] noted that if G is nilpotent, then MaxDim(G) and MinDim(G) coincide; Fernando [8] prove that MaxDim(G) is equal to the maximal size of a minimal generating set of G. Consequently, ι(G) is equal to the maximal size of a minimal generating set of G, and the results of Proposition 3.3 prove this by first establishing some previously unknown properties of ι(G). Moreover, Burness, Garonzi, and Lucchini [4] independently studied ι(G) (denoted α(G) in their article) for nonabelian simple groups G.
In this article, we consider intersection numbers of other families of groups and conclude by studying a new group invariant. This article is organized as follows. In Section 2, we prove some basic properties about the intersection numbers of nontrivial groups. The results of Section 3 establish the value of ι(G), where G is a nontrivial nilpotent group, and in Section 4, we consider the intersection numbers of dihedral groups, dicyclic groups, and symmetric groups. In Section 5, we define and then briefly investigate a second group invariant, called the inconjugate intersection number. Finally, we pose some open questions throughout Section 6 about the intersection and inconjugate intersection numbers of nontrivial groups in general.
Preliminary Results
The results in this section establish some basic properties about the intersection numbers of nontrivial groups.
. . , K ℓ are maximal subgroups of G 1 and G 2 , respectively, such that
where the last equality holds because G 1 ×G 2 is a finite group. Therefore, ι(G 1 ×G 2 ) ≤ k + ℓ and the result follows.
The forthcoming example demonstrates that the inequality given in Proposition 2.1 can be strict.
Proof. The group A 5 has three isomorphism types of maximal subgroups, namely the dihedral group of order 10, the alternating group of order 4, and the symmetric group of order 3. Consider the following two maximal subgroups of A 5 , each of which is isomorphic to S 3 : Each of is a maximal subgroup of this permutation group that is isomorphic to A 5 . Since
we have that ι(A 5 × A 5 ) ≤ 3 and the result now follows.
Proof. Suppose that ι(G) = k with k ∈ Z + , and let M 1 , M 2 , . . . , M k be maximal subgroups of G such that
By the Fourth Isomorphism Theorem, the maximal subgroups M/N of G/N are in one-to-one correspondence with the maximal subgroups M of G. It follows that
where the last equality also follows holds by the Fourth Isomorphism Theorem. Hence,
Assume that G is a nontrivial group. In some sense, Lemma 2.3 shows that the invariant ι(G) respects quotient groups of G. However, ι(G) does not respect the subgroup structure of G. In particular, for a subgroup H of G, it is possible for ι(H) to exceed ι(G).
Example 2.4. Let S 7 denote the symmetric group on 7 symbols. There exists a proper subgroup H of S 7 such that ι(S 7 ) < ι(H).
Proof. The order-42 maximal subgroups (2, 6, 5, 7, 3, 4) and M 2 = (1, 2, 7, 3, 5, 6, 4), (2, 6, 5, 4, 7, 3) of S 7 satisfy M 1 ∩ M 2 = {1}. Since Φ(S 7 ) = {1}, it follows that ι(S 7 ) = 2. Now consider the subgroup H = (1, 2), (3, 4) , (5, 6) of S 7 , which isomorphic to the elementary abelian 2-group Z 2 × Z 2 × Z 2 . The intersection of any two maximal subgroups of H has order 2. It follows that ι(H) = 3 because Φ(H) = {1}. Therefore,
It is possible for ι(H) to exceed ι(G) even if H is a normal subgroup of G. For example, we assert that
With a few basic properties of intersection numbers of groups established, we continue by establishing the exact values of intersection numbers for nontrivial nilpotent groups.
Nilpotent Groups
In this section, we establish the value of ι(G), where G is a nontrivial nilpotent group. To this end, we first consider p-groups. Let p be a prime number, and suppose P is a p-group. We can consider the elementary abelian p-group P/Φ(P ) as a vector space over the field F p ; the rank of P is the dimension of P/Φ(P ).
Lemma 3.1. Let p be a prime number. If P is a nontrivial elementary abelian p-group of rank r, then ι(P ) = r.
Proof. If r = 1, then P is cyclic and has only one maximal subgroup, which is the identity subgroup. Since Φ(P ) = {1}, it follows that ι(P ) = 1. Assume that r ≥ 2, and for each i ∈ {1, 2, . . . , r}, define H i to be the direct product of r − 1 factors of Z p and the identity subgroup, where the identity subgroup occurs in the i-th factor of H i . In this case, each H i is isomorphic to a maximal subgroup of P and r i=1 H i = {1}. Because Φ(P ) = {1} for every elementary abelian p-group, we have that ι(P ) ≤ r. If r = 2, then ι(P ) = 2 because each maximal subgroup of P contains Φ(P ) as a proper subgroup. To prove that ι(G) = r for all r ≥ 3, it suffices to show that the intersection of any r − 1 maximal subgroups of P properly contains Φ(P ) = {1}. Towards a contradiction, suppose that M 1 , M 2 , . . . , M r−1 are maximal subgroups of P such that
For ease of notation, let j ∈ {1, 2, . . . , r − 1} and define
and p r is the product of the aforementioned r − 1 indices. Because K 1 = M 1 is a maximal subgroup of P and [P :
, and thus P = K j M j+1 because M j+1 is a maximal subgroup of P . Consequently,
which is impossible, and hence ι(P ) = r.
Lemma 3.2. Let p be a prime number. If P is a nontrivial p-group of rank r, then ι(P ) = r.
Proof. Lemma 2.3 and Lemma 3.1 imply
as desired.
Let G be a nontrivial nilpotent group, and let π(G) denote the set of prime numbers that divide the order of G. Since G is the direct product of its Sylow subgroups, we will use Proposition 3.2 to establish the exact value of ι(G).
where P j is a Sylow p j -subgroup of G with rank r j for each j ∈ {1, 2, . . . , k}.
Proof. Since G ∼ = P 1 × P 2 × · · · × P k is nilpotent, all maximal subgroups of G have prime index in G. For each j ∈ {1, 2, . . . , k}, the maximal subgroups of G with index p j are in one-to-one correspondence with the maximal subgroups of P j . The result now follows from Proposition 3.2 and induction on k.
The forthcoming corollary of Theorem 3.3 highlights a major difference between the invariants ι(G) and σ(G). In particular, Tomkinson [24] proved that there is no group with covering number 7, and the subsequent theorem identifies all covering numbers less than 130.
Theorem 3.4. (Garonzi [10] ; Garonzi, Kappe and Swartz [11] 
The corollary below proves that for each k ∈ Z + , there exists a group G such that ι(G) = k.
Proof. Assume that |G| = p
k is the prime factorization of |G|, where e j ∈ Z + for all j ∈ {1, 2, . . . , k}. By the Fundamental Theorem of Finite Abelian Groups, With the values of ι(G) established for all nontrivial nilpotent groups G, it is natural to investigate this invariant for non-nilpotent groups. In the next section, we consider the intersection numbers of dihedral groups, dicyclic groups, and symmetric groups.
Non-Nilpotent Groups
In this section, we investigate the intersection numbers of three infinite families of nonnilpotent groups. Let D 2n denote the dihedral group of order 2n, where n ≥ 3. It is well-known that D 2n is nilpotent exactly when n is a power of 2. If n is a power of 2, then D 2n is of rank 2, and Proposition 3.2 implies that ι(D 2n ) = 2. To establish the values of ι(D 2n ) when n is not a power of 2, we utilize the following presentation of the dihedral group:
k is the prime factorization of n, where e 1 , e 2 , . . . ,
Proof. If n is a power of 2, then ι(D 2n ) = 2 by Proposition 3.2. Thus, we assume that n is not a power of 2 for the remainder of the proof. Every maximal subgroup of D 2n is either: (a) the cyclic subgroup r of index 2; or (b) the dihedral subgroup r p i , r j i s of index p i for some i ∈ {1, 2, . . . , k} and j i ∈ {0, 1, . . . , p i − 1}. The intersection of these 1+p 1 +p 2 +· · ·+p k maximal subgroups of D 2n is Φ(D 2n ) = r p 1 p 2 ···p k . Notice that the intersection of r with k i=1 r p i , s is equal to Φ(D 2n ), and as a result ι(D 2n ) ≤ k + 1.
Towards a contradiction, suppose M 1 , M 2 , . . . , M k are maximal subgroups of D 2n that satisfy
). Further, assume that there exists i ∈ {1, 2, . . . , k} such that r p i , r j i s ∈ {M 1 , M 2 , . . . , M k } for all j i ∈ {0, 1, . . . , p i − 1}. In this case,
which is impossible. Therefore, after a possible relabeling, assume that M i = r p i , r j i s . The Chinese Remainder Theorem guarantees that the system of linear congruences given by
. . .
has a unique solution modulo n = p
a final contradiction. The result now follows.
Next, we turn our attention to the dicyclic groups. The dicyclic group Q 4n of order 4n, where n ≥ 2, has presentation
If n is a power of 2, then Q 4n is also known as the generalized quaternion group. In this case, Q 4n is a nilpotent group of rank 2, and Proposition 3.2 implies that ι(Q 4n ) = 2. The following proposition also considers the non-nilpotent group Q 4n (i.e., considers the case when n is not a power of 2). Its proof is omitted do to the extreme similarities to the proof of Proposition 4.1.
k is the prime factorization of n, where e 1 , e 2 , . . . , e k ∈ Z + , then ι(Q 4n ) = k + 1.
To conclude this section, we give an upper bound on the value of ι(S n ), where S n denotes the symmetric group on n symbols.
Proposition 4.3. If n ≥ 4 is an integer, then ι(S
Proof. The O'Nan-Scott Theorem (see [17] and [22] ) classifies the maximal subgroups of S n ; it states that S k × S n−k is isomorphic to a maximal subgroup of S n provided 1 ≤ k < and a + b = n. Therefore, S a × S b is isomorphic to a maximal subgroup of S n . We claim that there exist subgroups of S n that are isomorphic to S a × S b whose intersection is Φ(S n ) = {1}. We will use the permutation σ = (1, 2, . . . , n) to build these maximal subgroups of S n , and the following construction depends on the parity of n.
First assume that n is an odd integer. Let ℓ m denote the integer
where m ∈ {1, 2, . . . , n − 1}. For each j ∈ {1, 2, . . . ,
− 1}, define the permutations α j and β j on {1, 2, . . . , n} by
and
Observe that α j is a product of a cycle of length a and a cycle of length b, and β j is a product of 2 transpositions. Moreover, the supports of the cycles that appear in the cycle decomposition of α j or β j are disjoint. Since disjoint cycles commute and S k = (1, 2 . . . , k), (1, 2) for all k ∈ Z + , we have α j , β j ∼ = S a × S b and α j , β j is a maximal subgroup of S n for each j ∈ {1, 2, . . . , − 1}. Additionally, define the permutations α 0 and β 0 on {1, 2, . . . , n}
,
Notice that α 0 , β 0 is also a maximal subgroup of S n because α 0 , β 0 ∼ = S a × S b . For a contradiction, suppose
and choose
such that ρ(k) = ℓ for some k, ℓ ∈ {1, 2, . . . , n} and k = ℓ. In this case, the integers k and ℓ must lie in the support of the same cycle appearing the cycle decomposition of α j for all j ∈ {0, 1, . . . , ⌊ n+8 4 ⌋ − 1}. However, by construction there exists j ∈ {0, 1, . . . ,
− 1} such that k and ℓ lie in different cycles in the cycle decomposition of α j , a contradiction. Therefore, ⌊
when n is odd. Now assume that n is even. If n ∈ {4, 6}, then it is easy to verify that ι(S n ) ≤ n+8 4 = 3. Thus, we assume that n ≥ 8 for the remainder of the proof. For each j ∈ {1, n − 1}, define the permutations α j , β j and γ j on {1, 2, . . . , n} by
Additionally, let k n be the largest integer less than 
where m ∈ {1, 2, . . . , n − 1}. For each
define the permutations α j , β j and γ j on {1, 2, . . . , n} by
A similar argument to that above proves that α j , β j , γ j ∼ = S a × S b and
the cardinality of
when n is even, as desired.
As an example of the proof of Proposition 4.3, we assume that n = 11 and will construct 4 = 11+8 4 maximal subgroups of S 11 whose intersection is the identity subgroup to prove that ι(S 11 ) ≤ 4. If n = 11, then a = 6, b = 5, and σ = (1, 2, . . . , 11); notice that ℓ 2m = 0 for all m ∈ {1, 2, . . . , 8}. For each j ∈ {1, 2, 3}, the permutations α j and β j on {1, 2, . . . , 11} are defined by
that is,
= (1, 3, 5, 7, 9, 11)(2, 4, 6, 8, 10),
= (1, 5, 9, 2, 6, 10) (3, 7, 11, 4, 8) ,
= (1, 7, 2, 8, 3, 9)(4, 10, 5, 11, 6),
Also, the permutations α 0 and β 0 on {1, 2, . . . , 11} are defined by
= (1, 2, 3, 4, 5, 6) (7, 8, 9, 10, 11) and
The subgroups α 1 , β 1 , α 2 , β 2 , α 3 , β 3 and α 0 , β 0 of S 11 are each isomorphic to S 6 × S 5 , and thus are maximal subgroups of S 11 . Since
and Φ(S 11 ) = {1}, we see that ι(S 11 ) ≤ 4, as desired. We remark that this bound is not best possible; for example, we assert that ι(S 11 ) = 3, as seen in Table 1 . The exact values of ι(S n ) can also be seen in Table 1 for n ∈ {2, 3, . . . , 10}. ι(S n ) 1 2 3 3 3 2 3 3 3 3 Table 1 . Intersection numbers of S n for n ∈ {2, 3, . . . , 11}
Inconjugate Intersection Number
Our work above that established the intersection numbers of certain nontrivial groups has compelled us to define a second group invariant, which we call the inconjugate intersection number. Recall that two subgroups H and K of a group G are conjugate subgroups if there exists g ∈ G such that gHg −1 = K. If two subgroups of G are not conjugate, then we say they are inconjugate subgroups of G. For a nontrivial group G, we define the inconjuage intersection number of G, denotedι(G), to be the minimum number of inconjugate maximal subgroups whose intersection equals Φ(G); setι(G) = ∞ if G has no inconjugate maximal subgroups whose intersection equals Φ(G).
As an example, consider the Frobenius group of order 42, denoted by Z 7 ⋊ Z 6 . The intersection of any two inconjugate maximal subgroups is a nontrivial p-group, where p ∈ {2, 3, 7}. Since Φ(Z 7 ⋊ Z 6 ) = {1} and the intersection of any three inconjugate maximal subgroups is the identity subgroup, we have thatι(Z 7 ⋊ Z 6 ) = 3. Additionally, for a group G,ι(G) is not always finite. For instance, consider the Frobenius group of order 20, denoted by Z 5 ⋊ Z 4 . The intersection of any two inconjugate maximal subgroups contains a subgroup of order 2. However, Φ(Z 5 ⋊ Z 4 ) = {1}, and as a resultι(Z 5 ⋊ Z 4 ) = ∞.
Proof. Every maximal subgroup M in a nilpotent group G is normal; that is, gMg −1 = M for all g ∈ G. The result now follows. 
where k is the number of distinct prime divisors of p − 1.
Proof. Write q = p − 1 and suppose q = q
k is the prime factorization of q, where e 1 , e 2 , . . . , e k ∈ Z + . Every maximal subgroup of F p is isomorphic to: (a) a cyclic subgroup Z q of index p; or (b) a semi-direct product Z p ⋊ Z q/q i of index q i for some i ∈ {1, 2, . . . , k}. The intersection of these p + k maximal subgroups of F p is Φ(F p ) = {1}. Moreover, the intersection of any two distinct conjugate copies of Z q equals {1}. It follows that ι(F p ) = 2 because each maximal subgroup of F p contains Φ(F p ) as a proper subgroup.
Notice that F p has 1 + k conjugacy classes of maximal subgroups: 1 conjugacy class of size p (containing the p conjugates of Z q ) and k conjugacy classes of size 1 (each containing the normal subgroup Z p ⋊ Z q/q i of F p for some i ∈ {1, 2, . . . , k}). Let M denote this conjugacy class of size p. First, suppose q is a square-free integer so that e i = 1 for all i ∈ {1, 2, . . . , k}.
The intersection of
and any maximal subgroup in M is the identity subgroup. Thus,ι(
implies that the intersection of any inconjugate maximal subgroups of F p whose intersection is Φ(F p ) = {1} must contain a maximal subgroup in M. If Q = {q 1 , q 2 , . . . , q k }, then for each M ∈ M and j ∈ {1, 2, . . . , k},
contains a subgroup isomorphic to Z q j . It follows thatι(F p ) > k, and thusι(F p ) = k + 1 provided q is square-free. Now, suppose q is not square-free; assume that e i ≥ 2 for some i ∈ {1, 2, . . . , k}. The intersection of any inconjuage maximal subgroups will contain a subgroup isomorphic to Z q i . Since Φ(F p ) = {1}, it follows thatι(F p ) = ∞.
Discussion and Open Questions
In this section, we pose four open questions that involve the intersection number and the inconjugate intersection number of the group G. Recall that if G is a nontrivial nilpotent group, then ι(G) =ι(G) by Proposition 5.1. However, Propositions 5.2 and 5.3 established the existence of infinity families of non-nilpotent, solvable groups G such that ι(G) =ι(G) and ι(G) <ι(G) < ∞, repsectively. Naturally, we ask the following question. Recall that π(G) denotes the set of prime numbers that divide the order of G, and let m(G) denote the set of maximal subgroups of G. In [16] , the fourth author of this article proved the following result about the relationship between the sizes of π(G) and m(G). We are also interested in the relationship between |π(G)| andι(G) for nontrivial solvable groups G. For instance, assume that G is a solvable group satisfyingι(G) = 2; let M 1 and M 2 are inconjugate maximal subgroups of G such that M 1 ∩ M 2 = Φ(G). Under these assumptions, G = M 1 M 2 and thus
Since maximal subgroups of nontrivial solvable groups have prime power index and π(G) = π(G/Φ(G)), Equation (3) implies that |π(G)| ≤ 2. Therefore, |π(G)| ≤ι(G) provided G is a solvable group satisfyingι(G) = 2. Consequently, we ask the following question.
Question 6.5. Does the inequality |π(G)| ≤ι(G) hold for all solvable groups G?
We claim that it is possible for |π(G)| to exceed the intersection number ι(G). For example, reconsider the Frobenius group of order 42, denoted by Z 7 ⋊ Z 6 . This group is solvable, and we identify it with the following permutation group: Z 7 ⋊ Z 6 ∼ = (1, 2, 3)(4, 5, 6), (2, 4)(3, 7)(5, 6) .
The conjugate order-6 maximal subgroups M 1 = (1, 2, 5, 4, 3, 7) and M 2 = (1, 3, 4, 7, 5, 6) of Z 7 ⋊ Z 6 satisfy M 1 ∩ M 2 = {1}. Since Φ(Z 7 ⋊ Z 6 ) = {1}, it follows that ι(Z 7 ⋊ Z 6 ) = 2 and 2 = ι(Z 7 ⋊ Z 6 ) < |π(Z 7 ⋊ Z 6 )| = 3, as desired.
